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An algorithm originally developed to study the time evolution of weakly entangled one-dimensional 
quantum lattices has recently been adapted to simulate classical stochastic processes; this algorithm is 
used to model a finite capacity queue. Methods are devised to determine the mean number of 
customers and sojourn time for the queue where excellent agreement is found when tested against 
steady state analytical results. The model is then extended to examine the steady state and transient 
behaviour of a series of finite queues in tandem, for which exact analytic results are unobtainable. 
 

I.  Introduction  
 

 Queueing theory is thought to have originated in 
1909 with the publication of Erlang’s paper entitled 
‘The theory of probabilities and telephone 
conversations’ [1]. It is more relevant today than 
ever, with the United States population alone 
spending an estimated 10107.3 ×  hours per year 
waiting in queues [2]. Queueing theory can be 
applied to a wide range of scenarios from people 
standing in lines to manufacturing processes and 
telecommunication transmissions.  
 Primarily, queueing theory is used in operations 
research to optimise a particular system. A study in 
New York City used queueing theory to reduce the 
arrest to arraignment waiting times from an average 
of 40 hours to 24 and in the process provided 
annual savings of $9.5 million [2]. Recently 
queueing theory has been implemented in novel 
situations further afield, such as modelling insulin 
levels to determine the optimum insulin level and 
number of insulin receptors in the body [3]. 
 Queues are commonly modelled as stochastic 
processes with the arrival and service of customers 
determined by an underlying probability 
distribution. The equations describing the queueing 
systems can be solved analytically for simple 
scenarios. However for more complicated systems, 
such as queues in tandem, these analytic solutions 
become intractable [4] and the equations are solved 
using numerical techniques [5]. As the size and 
complexity of the system increases the number of 
possible states of the system increases 
exponentially [6], causing an exact numerical 
solution to become computationally infeasible [7].  
 The practical limits for analysing the system 
exactly using numerical methods motivate a 
number of methods for approximate analysis. 
These approximate methods include Monte Carlo 
simulations [8], which obtain values of an 
observable from a number of random samples of 
the underlying system, and these values are then 

averaged to give the expectation value of the 
observable. However Monte Carlo simulations 
become less viable for high variance observables or 
time dependent models [9]. Alternatively, 
particularly for queues in tandem, a 
decompositional approach can be taken [10]. This 
involves splitting the total system into smaller 
subsystems which are subsequently solved and the 
results ‘pasted’ together. As the subsystems are by 
their nature not independent of each other an error 
will necessarily arise from this method [8]. This 
motivates this work to develop a method to 
compliment current approximate numerical 
techniques and provide an alternative when they are 
impractical.       
 This report uses an adaptation of the Time 
Evolved Block Decimation (TEBD) algorithm to 
analyse the steady states and transient behaviour of 
systems of queues. TEBD was proposed in 2003 to 
classically simulate quantum systems [12]. It was 
shown that efficient, near exact simulations are 
possible for weakly entangled systems and TEBD 
has since been used to simulate the time evolution 
of 1D quantum lattice systems with restricted 
entanglement [13]. Several 1D quantum systems, 
such as spin chains [14] and Bose-Hubbard models 
[15] have been successfully simulated using TEBD.  
 TEBD represents the state of the quantum system 
as a product of limited dimensional matrices [16], 
which are updated as the system is evolved.  This 
truncated matrix product state (MPS) prevents the 
unworkable growth of computational resources 
required to analyse the system. Recently TEBD has 
been adapted to simulate stochastic classical 
systems, referred to as cTEBD [17]; it is this 
adaptation which is used in this report. Previously a 
similar quantum method, the Density Matrix 
Renormalisation Group (DMRG) method which 
uses the same underlying MPS ansatz, was applied 
to classical systems. However it could only 
calculate steady states and was found to be unstable 
for large stochastic classical systems.  
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This report contains an introduction to basic 
queueing theory and an explanation of the TEBD 
algorithm and its adaptation to cTEBD. It then 
details the methods I devised to model a queue and 
calculate the mean number of customers and 
sojourn (waiting) time, which are tested against 
exact analytic results for a single queue. Finally, 
the model is extended to simulate the steady state 
and transient behaviour of queues in tandem. 
 

II.  Queueing Theory 
 

 This section introduces the fundamentals of 
queueing theory to provide the background for the 
models which will be analysed in this report. 
 

A. Defining a queue 
 

 A diagrammatic representation of a simple queue 
is shown in Fig. 1. The queue consists of an input 
of ‘customers’ from a calling population. These are 
objects in the queue and could equally represent a 
person or a data packet. The customers are serviced 
at a ‘service centre’, and then ejected from the 
system. If the service centre is operating at 
maximum capacity the remaining customers are 
kept in ‘queueing sites’ until availability arises in 
the service centre. 

 For the examples considered in this report the 
service discipline will be First In First Out (FIFO), 
where the customers are served in the order they 
arrive, and calling population will be infinite with 
only one customer arriving at a time. The queue 
will have a finite capacity K and a single server at 
the service centre. The inter-arrival and service 
times will be restricted to Markovian distributions. 
These queues are conventionally referred to as 
M/M/1/K using Kendall notation [18], which is 
described in Appendix A.   
 A Markovian distribution for inter-arrival and 
service times is equivalent to a Poisson distribution 
for the arrival and service rates [18]. These 
processes are then characterised by the rates λ and 
µ respectively, with the probability of an arrival in 
a time δt given by λδt. When a system with a finite 
capacity K is full, the arrival rate is zero as no more 
customers can enter the system. This is referred to 

as ‘blocking’. If the queue is empty then the output 
rate is necessarily zero.   
 The key feature of this distribution is the Markov, 
or memoryless property [19]. This states that the 
remaining service time for a customer currently in 
service is independent of how long they have 
already been in service. The same applies to the 
remaining time before a customer arrives. 
Therefore the length of time the system has been in 
a particular state does not need to be specified. This 
allows the current state of the system is  to be 
characterized by only the number of customers i in 
the queue, by the transition rates between states. A 
transition rate diagram for an M/M/1/K queue is 
shown in Fig. 2. 

 The rate of change of the probability of being in 
state is  is given by the master equation [20]: 
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where ),( tsP i   is the probability of the system being 
in state is  at time t and )( ji ssw →  is the transition 
rate for the system moving from state is  to js . Eq. 
(1) states that the rate of change in being in is  is 
equal to the rate of transitions into is  less the rate 
of transition out of state is . 
 To re-write Eq. (1) in the notation of quantum 
mechanics, define )(tP to be a column vector of the 
probabilities of the system being in each state, 

),( tsP i  for all i 
 ∑=

i
ii stsPtP ),()( , (2) 

which is normalised such that its elements sum to 1. 
Eq. (1) can then be rewritten as a Schrödinger like 
equation as 

 )()( tPQtP
t

=
∂
∂ ,  (3) 

provided Q has its off-diagonal elements, ijq , 
given by 
 jisswq jiij ≠→= )( ,  (4) 

and diagonal elements given by  
 ∑

≠
→−=

ij
ijii sswq )( .  (5) 

Fig. 1 A simple queue.  
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Fig. 2 A diagram of the transition rates between          
states for an M/M/1/K queue.  
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From Eqs. (4) and (5) we can see that the Q is not 
Hermitian as in the quantum case but instead has 
the properties that its off-diagonal elements are 
positive, on-diagonal elements are negative and the 
columns sum to zero, which ensures probability is 
conserved during evolution. Q will be referred to as 
a stochastic Hamiltonian.  
 Equation (3) gives a complete description of the 
evolution of the system. The steady state of the 
system is defined by 

 0)()( =
∂
∂= tP
t

tPQ ,  (6) 

The steady state distribution of the system can then 
be obtained by solving this system of linear 
equations recursively [21]. The steady state 
probability of being in each state,ip , for a 
M/M/1/K queue is [21]  
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                    Kipp i
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where the utilization factor (also referred to as the 
traffic intensity) ρ is defined as 

 
µ
λρ = . (9) 

 
B. Performance Measure 

 

 Performance measures refer to the properties of 
the queue. As the queue is a stochastic system it is 
the expectation values of these properties which are 
of most interest. The two considered in this report 
are the mean number of customers in the system, N, 
and the mean sojourn time, T; defined as the mean 
total time a customer spends in the system. 
 The mean number of customers in the system 
[21] is given by  
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The mean sojourn time, T, can then be calculated 
from N using Little’s formula. 
 

C. Little’s formula 
 

 Little’s formula [22] [19] states: 
 TN effλ=   (11) 

where effλ is equal to λ for infinite capacity queues 
and given by )1( Keff p−= λλ for queues with 
finite capacity K, where Kp  is the probability the 
queue is at full capacity. This is an extremely 
useful result, as once N and Kp have been obtained 
from the steady state probabilities, T can simply be 
obtained from Little’s formula without running 

dynamical calculations. This result is exact under 
remarkably relaxed conditions requiring only that a 
steady state and average number of arrivals in a 
given time interval exist and are finite[23]. 
 

D. Queues in tandem 
 

For M/M/1/K queues placed in tandem (series); 
customers arrive at the first queue, traverse through 
the system where the output of one queue is the 
input of the next queue and finally exit the system 
from the last queue in the chain. This raises the 
complication of ‘blocking’; if the next queue in the 
series is full a customer must remain in its current 
queue and thus ‘blocked’, until a space becomes 
available. The presence of blocking prevents exact 
analytic analysis of the system [4]. Although the 
exact steady state of the system could be found 
from Eq. (6) by using numerical techniques to find 
the eigenvector of Q with a zero eigenvalue, for 
anything except small systems the computational 
resources required to do this would be too great.   
 The two types of blocking considered are: 
Blocking After Service (BAS) and Blocking Before 
Service (BBS). For BAS, if the customer is blocked 
from entering the next queue they are served and 
remain in the service centre of their current queue, 
preventing any more customers being served by 
that queue. Once a space is available in the next 
queue they move immediately into it. Whereas for 
BBS, if the customer is blocked they remain in the 
server position unserved, again preventing other 
customers from being served by that queue. Only 
when a space becomes available in the next queue 
does service begin for the customer. Once served 
the customer moves into the next queue [5]. 

 
III.  TEBD and cTEBD 

 

 This section outlines the TEBD algorithm and 
how it is adapted for classical systems, cTEBD. 
TEBD represents the system as a limited 
dimensional MPS. The state is then evolved and 
expectation values calculated at each time step.  
 

A. Description of quantum state 
 

 Firstly we consider how to approximately 
represent the state of a quantum system. The system 
to be considered is a 1D lattice of M sites. Site m 
has a local Hilbert space of dimension d spanned by 
the basis mj . The state of the system can be 
written as 

 ∑ ∑
= =

=Ψ
d

j

d

j
Mjj

M
M

jjc
1 1

1
1

1
,,LL L ,(12) 
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where there are dM coefficients 
Mjjc

L1
which are 

complex numbers [24]. The problems caused by 
the resources required to store and manipulate the 
coefficients exponentially growing with system 
size are circumvented by approximately describing 
the state of the system as a matrix product state 
(MPS). This can be found via Schmidt 
decompositions.     
 Consider bipartitioning the 1D M site lattice into 
two subsystems A and B. Subsystem A contains the 
sites 1 to m and subsystem B contains the sites 
m+1 to M. A Schmidt decomposition can then be 
used to write the state as  

 
[ ] [ ]Bm A

α
χ

α
αα φφλ∑

=
=Ψ

1
  (13) 

where 
[ ]







 A

αφ  and 
[ ]







 B

αφ  are orthonormal 

bases called Schmidt states which span the Hilbert 
spaces of subsystems A and B respectively. The 
Schmidt coefficients, λα, are non-negative numbers 
which are ordered in descending order, from most 
to least relevant, such that 1+〉 αα λλ  and for the 

quantum state to be normalised correctly 12 =∑
α

αλ . 

The number of coefficients and states, χm, is called 
the Schmidt rank and has a maximum value of 

),min( mMmd − . 
 By setting an upper limit of χL for the Schmidt 
rank, rather than using the maximum possible χm, 
we take only the most relevant part of the 
decomposition, due to the descending order of the 
Schmidt coefficients. Crucially, for weakly 
entangled systems the Schmidt coefficients decay 
rapidly [24], thus the part of the decomposition 
which is kept provides a near exact approximation 
of the state.  
 Successive Schmidt decompositions are applied 
for each of the possible M-1 splittings. It is then 
possible to write the state as an MPS, where 
coefficients 

Mjjc
L1

are written as [30] [25]  
 [ ] [ ] [ ] RLc M

M

jMjj
jj AAA L

L

21

1

21= , (14)                                                              

where each is site assigned a matrix[ ] mjmA , of 
dimension ( )mm χχ ×−1 , dependent on which 
physical basis state it is in [30]. The boundary 
vectors L and R are introduced to ensure a 
complex number can be recovered for the 
coefficient. As with the single Schmidt 
decomposition, by limiting the dimensions of the 
matrices to a maximum of χL the resources required 
to describe the state using M×d matrices are ( )2

LMdO χ . We have thus found a near exact 

approximation of the state which does not scale 
exponentially with system size. As an example 
consider a modest quantum system with M = 50 and 
d = 4, the maximum value of χm is about 1015, 
however using a restricted MPS the system can be 
accurately approximated using a limit of χL in the 
tens or hundreds [17].  
   

B. Time Evolution 
 

 The evolution of the quantum state from an 
initially state Ψ  is governed by the formal 
solution for integrating the Schrödinger equation 
for a time-independent Hamiltonian H,  

 ( )Ψ−=Ψ iHtt exp)( . (15) 

The dynamical behaviour of the system is found by 

applying the evolution operator tiHe δ− , for a small 
time step tδ , to the state. As with the description of 

the state, tiHe δ− , cannot be represented exactly for 
large systems. Consequently, the evolution operator 
is broken up into a product of local operators. The 
Hamiltonian is restricted to single site and nearest-
neighbour two-site terms, it can then be written as 

 ∑
−

=
+=

1

1
1,

N

l
llhH  (16) 

where 1, +llh are the two-site terms which have the 

single site terms incorporated into them. A second-
order Suzuki-Trotter expansion is then used to split 

up tiHe δ−  into two-site nearest-neighbour unitary 
operators [26] [27]. 
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The MPS representation of the state is evolved by 
using these operators to update the matrices 

[ ] mjmA describing the lattice sites. The matrices are 
then truncated back to the optimal representation of 
the system with a maximum Schmidt rank χL. 
 

C. cTEBD 
 

 The similar structure of the classical master 
equation, Eq. (3), to the Schrödinger equation 
motivates adapting the TEBD algorithm to simulate 
classical systems. This is conceptually simple to do 
as the matrix product state representation can 
equally be applied to classical systems [29]. 
Furthermore, although the evolution of the classical 
system uses stochastic Hamitonian Q which is not 
Hermitian as in the quantum case, the Suzuki-
Trotter expansion does not rely on any Hermitian 
properties, therefore can be applied to the classical 
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case. The evolution is then achieved by replacing 
the complex vector Ψ with the non-negative real 
vector )(tP and iH− with Q in Eq. (15). The 
classical evolution operator is now a stochastic 
operator containing only non-negative elements 
and columns which sum to one, rather than a 
unitary operator as in the quantum case. This 
stochastic operator conserves the classical norm, 
analogous to how the unitary operator conserves 
the quantum norm [17].  
  Unlike in the quantum case the application of 
TEBD to classical systems lacks an interpretation 
for the elements of the matrix product state. 
However, the main practical difference is how 
expectation values are calculated, which is now 
explained for the classical case.  
 

D. Calculation of expectation values 
 

  An observable O has a real value Oi dependent 
on the configuration of the system. If we consider 
the possible values of O as a vector O , then its 
expectation value O  with respect to a probability 
distribution is given by the inner-product [26] 
 ∑==

i
ii pOpOO . (18) 

The observable vectors used in this report can be 
constructed as the product of single site vectors. 
For example, the observable vector for the local 
density at site m in our 1D lattice is given by [26] 

 )(1)( 1
1

1 l
N

mlml
m
lm II +=

−
= ⊗⊗⊗⊗=ρ ,(19) 

where I is the identity observable and 1 is the 

observable which returns the density of the site, i.e. 
1 if the site is full and 0 if empty. The subscript 
indicates the site the observable is applied to and 
⊗ is a tensor product [28]. 
 As O  is the product of single site vectors the 
expectation value can then be calculated efficiently 
as the inner product of the state p  and the 
observable O . For single site observables this 
requires )( LNdO χ operations. 
 

E. Errors 
 

 There are two main sources of error in the TEBD 
algorithm; the Suzuki-Trotter expansion and the 
approximate description of the state by limiting the 
Schmidt rank. The error from the second order 
Suzuki-Trotter expansion for a single time step tδ  
is ( )3tO δ [30]. Hence it is required that tδ is small to 
ensure this error is negligible. However if tδ  is too 
small it will take an impractically long time for the 
simulations to reach the steady state. 

 Generally the most significant error comes from 
approximating the state by discarding Schmidt 
coefficients and the corresponding Schmidt states.  
This error, ∆, is bounded by the neglected Schmidt 
coefficients using the equation [26] 

 ∑
=

≤∆
M

L

M

d
χ

χα
αλ22 . (20) 

Again a balance needs to be found, if too many 
Schmidt coefficients are discarded this error is large 
and the state is not well approximated. However the 
fewer coefficients discarded the smaller the 
computational advantage of approximating the state. 
In practice expectation values can be calculated to 
much better accuracy than this bound would 
suggest. If 

L
χ is increased and the expectation 

values remain constant a convergent solution is 
considered to be found.  
 

IV.  Representing a queue in cTEBD 
 

 For cTEBD to effectively model a classical 
system the state is required to be accurately 
approximated as an MPS with a low χL, and 
containing on-site and nearest neighbour 
interactions. The Totally Asymmetric Exclusion 
Process (TASEP) satisfies this description and has 
been shown to be accurately modelled using 
cTEBD [17]; this motivates the decision to 
represent a queue as a TASEP. This section 
introduces the TASEP and how it can be used to 
simulate the models used in queueing theory. 

 
A. TASEP 

 

 The TASEP [31], shown in Fig. 3, consists of a 
1D lattice. Particles are injected with a rate λ into 
the first site. They then hop from one site to the 
next with rate p and are ejected from the last site at 
rate µ. With the particles considered as customers 
an M/M/1/K queue is then represented by K lattice 
sites with the first K-1 sites representing the queue 
and the last site representing the server.   

  The stochastic Hamiltonians for the system can 
be built using Eqs. (4) and (5), the specific details 
of which are explained in Appendix B. 1. The unit 
of time is defined as 1/λ, with all future rates and 
times given relative to this. 

Fig. 3 A queue represented as a TASEP. The last site is 
considered as the service centre, with service rate µ, and 
all the other sites are queueing positions.  

Site:  1    2    ...    m  m+1 ...   K

λ p µ
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B. Extra states and inter-hopping rates 
 

  In queueing theory only the number of 
customers in the queue is considered, this 
implicitly models a new arrival as immediately 
occupying the first available queueing space. The 
TASEP however requires a customer to traverse the 
empty lattice sites of the queue, this leads to 
additional states which are not present in queueing 
theory, an example of one is shown in Fig 4.  

 An asset of the TASEP model is that it provides a 
more realistic representation of a physical queue. 
However I attempt to recover the queueing theory 
model as it allows comparison with the 
conventional approach. This is done by using a 
large inter-hopping rate p. The system would then 
exist in the ‘extra’ states for a negligible amount of 
time. This is demonstrated in Fig. 5 which shows 
the average number of customers in the system in 
the steady state for the TASEP, calculated using 
results from [32], and the queueing model, using 
Eq. (10), with ρ = 2. As p is increased the TASEP 
model better approximates the queueing theory 
model. After comparison of the two models for a 
range of p values, a value of 1500λ was chosen as it 
is big enough to accurately simulate the queueing 
theory model but not too large, as this would cause 
problems numerically. 
 Although the TASEP model introduces 
additional states, this is outweighed by the potential 
to decimate the internal structure of the queue and 
the benefit of improved performance using cTEBD 
due to the low dimensionality of each site. 

V. Methods to calculate performance 
measures 

 

 This section outlines the methods devised to find 
the mean number of customers in the system, N, 
and the mean sojourn time, T, in the steady state for 
a single M/M/1/K queue using the cTEBD 
simulations. These are then compared to the 
analytic values from queueing theory to validate 
that the methods and cTEBD provide accurate 
results. The algorithm to implement cTEBD was 
provided by Dr. S. R. Clark and Dr. D. Jacksch. 
The simulations were run on a computer cluster 
with approximately 400 2.2GHZ CPU cores, each 
with 2GB of RAM. 
   

A. Mean number, N 
 

 Queueing theory gives the mean number of 
customers in the queue in the steady state by Eq.  
(10). For the cTEBD, simulations an initially 
random state for the queue is evolved until a steady 
state is reached. The mean density of each site is 
then found by evaluating the single site expectation 
operator given by Eq. (19) where 

 ( ) ( )TTI 10111 == .  (21) 

The mean number of customers in the queue is then 
obtained by summing the mean density of each site. 
Fig. 6(a) (over page) compares the analytic and 
cTEBD results, where there is excellent agreement. 
As ρ decreases the output rate becomes much larger 
than the input rate causing the queue to tend 
towards an empty state hence N tends to zero. 
Whereas as ρ increases, the output rate becomes 
much smaller than the input rate, causing the queue 
to fill up and N tend towards the maximum capacity 
of the queue, K. 
 

B. Mean sojourn time, T 
 

 We can obtain T from cTEBD by tracking a 
specific customer throughout the simulation, for 
which I devised two different methods. For Method 
1: (i) evolve the system until the steady state is 
reached; (ii) set λ = 0 (i.e. no more customers enter 
the system); (iii) manually add a customer to the 
system and renormalize it, this is defined as time     
t = 0; (iv) evolve until the last customer exits and 
the queue is empty. The customer being tracked is 
distinguished as having left because the queue will 
be empty. Evaluating the expectation operator  

  )0( 1 l
K
lempty =⊗=  where ( )T010 = ,   (22) 

returns the probability of the queue being empty. 
By evaluating this at every time step we obtain the 
mean cumulative distribution function, F(t), of the 

Fig. 5 The mean number of customer in an M/M/1/K 
queue in the steady state using the queueing theory 
approach (black lines) compared to using the TASEP 
model (crosses, dark to light respectively). The queues 
have capacities, from bottom to top, K = 5, 10, 15, 20   
p has units of λ. 

10
2

10
40

10

20

p   (λλλλ)

N

Fig. 4 A state which exists for the TASEP model but 
not the model used in queueing theory.  
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queue being empty and the customer that was 
manually added having left the queue. The 
expected time for the customer having left the 
queue is then given by [33] 

 ∫
∞

==
0

)(][ dtttftET , (23) 

where f(t) is the probability density function given 
by  

 
t

tF
tf

∂
∂= )(

)( . (24) 

As we have a numerical representation for F(t), 
rather than an explicit function, the differentiation 
and integration are calculated numerically with a 
Runge-Kutta method used for the latter. Fig. 6(b) 
shows the mean sojourn time with respect to ρ from 
the cTEBD and analytic calculations. 
 This method relies on the customer, whose mean 
sojourn time is being calculated, to be the last to 
exit the system. If this were not the case, the 
method would not work. An example would be if 
the customers were not necessarily served in the 
order they arrived - such as for two queues side by 
side where customers could move between queues. 
This motivates the more general second method. 
 Method 2 introduces a second species of 
customer, a ‘marked’ customer as opposed to a 
‘normal’ customer. This adds an extra dimension to 
each lattice site as the site can be in one of the 
states: empty, occupied by a normal customer or 
occupied by a marked customer. The stochastic 
Hamiltonians used to implement this are detailed in 
Appendix B. 2. 
 This method is to (i) evolve the system until the 
steady state is reached with normal customers; (ii) 
manually add a marked customer to the system and 
renormalize it, (defined as time t = 0); (iii) evolve 
until the marked customer has left the system. 
Again the expectation operator given in Eq. (22) is 
evaluated at each time step but now  

 ( )T0110 = . (25) 

The results from Method 2 are not presented here as 
they are identical to Fig. 6(b). 
 Fig. 6(b) shows excellent agreement between the 
simulations and analytic results. As ρ decreases the 
queue tends towards an empty state, this causes T to 
decrease because an arriving customer will have a 
shorter wait for earlier customers in the system to 
be served. Furthermore, because the output rate is 
increasing it takes less time for customers to be 
served, causing T to tend to zero. As ρ increases the 
queue tends to full capacity. For a full queue, the 
time taken for K customer to be served at a rate µ is 
simply given by 

 ρ
µ

K
K

T == , (26) 

where the last step holds as µ is defined in units of λ. 
This leads to the observed behaviour that as ρ is 
increased T tends towards a linear relationship with 
ρ, with a gradient of K. This was extended beyond a 
ρ of two and the relationship found to hold. 
 These methods could also be used to determine 
the time for a customer to traverse a section of the 
queue. For instance the time for the customer to 
traverse the first five queueing sites could be 
calculated by obtaining the relevant cumulative 
distribution function using the appropriate 
expectation operator which evaluates the 
probability of the first five sites being empty. 
 

C. Accuracy 
 

 The main sources of error are outlined in section 
III.E. All simulations used a time step of 310−=tδ , 
in units of 1/λ . This provided the appropriate 
balance for the steady state being found in a 
reasonable time and the error being small. The error 
was tested by decreasing tδ and the difference in 
the calculated observables found to be of order 10-4. 

(a) 

Fig. 6 Single queue. A comparison for a single M/M/1/K queue in the steady state between the analytic  results (black 
line) and cTEBD simulations (coloured crosses) for (a) The mean number of customers in the queue, analytic results 
from Eq. (10) and (b) The mean sojourn time, analytic results from Eq. (11). Eq. (26) (grey dashed line) is also plotted 
in (b). The capacity of the queues are, from bottom to top, K = 5, 10, 15, 20. T is in units of 1/λ. 
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 For the simulations for a single queue in this 
section a maximum Schmidt rank 

L
χ  of 20 was 

chosen. The upper bound for the error, Eq. (20), for 
an M/M/1/20 queue with 20=

L
χ  ranged from 10-

18 to 10-8 at each time step. The cumulative error for 
the entire simulation was then of order 10-4. The 
upper bound can in practice be much larger than 
the actual accuracy an observable is calculated to. 
Thus the procedure for finding an appropriate 

L
χ is 

to increase its value, and if the change in the 
observable is small a convergent solution is 
considered to be reached. For example, for an 
M/M/1/20 queue 23=

L
χ  was tested and the 

difference for the mean number in the system 
between 23=

L
χ and 20=

L
χ was of order 10-5. 

This procedure was followed for queues in tandem 
in the next section to ensure a small error from the 
Schmidt decomposition. A small 

L
χ was again 

found to successfully simulate the systems, 
typically in the range of 20 to 35. 
 

VI.  Queues in Tandem 
 

 Having established the success of the methods, I 
now extend to simulating queues in tandem, for 
which there are few analytic results. The stochastic 
Hamiltonians used to implement this are detailed in 
Appendix C.  
 

A. Comparison to analytical bounds  
 

 The probability that an incoming customer will 
be rejected, because the system is full, has been 
analytically bounded for two finite queues in 
tandem [34]. Table 1. shows the upper, BU, and 
lower, BL,  bounds for this probability obtained 
from [34] along with numerical solutions, BN, using 
a power method also from [34], and the numerical 
values obtained from cTEBD simulations, BcTEBD. 
 Having verified that cTEBD gives near exact 
results for a single queue, from Table 1 we can see 
that the simulation results for tandem queues lie 
within the limits of other approximate calculations. 
Although this is only one parameter of a complex 
system it confirms the consistency and accuracy of 
the cTEBD simulations extended to queues in 
tandem. 
 

B. Types of blocking 
 

 The different types of blocking considered are 
BAS and BBS, explained in section II.D. Fig 7(a) 
(over page) plots the mean number of customers in 
the system for five M/M/1/3 queues in tandem for 
the different blocking mechanisms. Fig. 7(a) shows 
that when ρ is small the difference between BBS 

and BAS is negligible. This is because the queues 
are sparsely populated, resulting in a small 
probability of any blocking occurring. As the 
blocking mechanisms are rarely implemented there 
will be little difference between systems. As ρ 
increases, the density of the queues increases, 
leading to a high probability of blocking. This 
causes the discrepancy between blocking 
mechanisms to become more pronounced.   
 For large ρ BBS has a lower N than BAS. In BBS, 
unlike BAS, a customer can not move directly from 
one queue to the next when a site becomes empty, 
but must first be served. Therefore for the time 
taken for a customer to pass through the service 
centre, there is an empty site in the next queue 
lowering the N of the system. 

 
C. Validation of Little’s formula 

 

 I now attempt to find the mean sojourn time, T, 
for a customer entering a series of queues in tandem 
in the steady state. There are two approaches to 
this; one option is to use the cTEBD simulations to 
find T directly using methods detailed in section 
V.B, can be used. The other option is to use Little’s 
formula, Eq. (11). However the mean number of 
customer, N, and the probability of the system 
being full, pK, cannot be found analytically. 
Therefore these quantities need to be found using 
numerical techniques, in this case cTEBD, and then 
substituted into Little’s formula. Both techniques 
are presented in Fig. 7(b) (over page) and can be 
seen to agree exactly. 

N1 N2 λ µ1 µ2 BL BU BN BcTEBD 

2 2 1 0.2 0.2 0.842 0.893 0.867 0.8670 

  1 0.5 0.5 0.620 0.727 0.676 0.6759 

  1 1 1 0.333 0.500 0.422 0.4225 

3 3 1 1 1 0.250 0.400 0.325 0.3254 

5 5 1 0.1 0.1 0.909 0.948 0.909 0.9168 

  1 0.5 0.5 0.539 0.674 0.584 0.5842 

 

  1 1 1 0.166 0.286 0.222 0.2229 

  1 2 2 0.002 0.032 0.018 0.0184 

10 10 1 1 1 0.090 0.167 0.124 0.1254 

20 20 1 1 1 0.047 0.091 0.064 0.0682 

Table 1. A comparison of the probability of the whole 
system of queues being full causing a customer to be 
blocked calculated from the cTEBD simulations and the 
analytical upper and lower bounds and numerical 
simulations from [34]. 
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 Next consider the mean time a customer takes to 
traverse an individual queue in the series1. This can 
again be calculated directly from the cTEBD 
simulations. For example the time for a customer to 
traverse the first three queues and the first two 
queues can be found. The time through the third 
queue is the difference between these times. 
 The alternative is to attempt to use Little’s 
formula. No analytical form exists for N; however 
it can easily be calculated from the cTEBD 
simulations by summing the densities of the sites 
corresponding to that queue. The primary difficulty 
is that due to blocking there is no analytical 
expression for the average input into each queue. 
Motivated by the form of Little’s formula I 
modelled the effective input rate into each queue, 

2λ ,as  
 1102 µλ p= , (27) 

where µ1 is the output rate from the previous queue 
and p10 is the probability that a customer can arrive, 
i.e. there is a space available in the queue and a 
customer in the service centre of the previous 
queue. p10 was found using the expectation operator 
 )(01)( 21

1
110 l

N
mlmml

m
lm IIp +=+

−
= ⊗⊗⊗⊗⊗= ,(28) 

where 0 , 1 and I are the same as defined in 

Eqs. (21) and (22). 
 Fig 7(c) shows excellent agreement between the 
two approaches. This demonstrates that Little’s 
formula holds provided the effective input rate is 

                                                 
1 Burke’s Theorem [35] is not applicable here as the 
queues have a finite, not infinite, capacity. If Burke’s 
Theorem was applicable each queue could be treated 
independently and solved trivially.  

defined by Eq. (27). The validation of Little’s 
formula allows the mean sojourn time to be 
calculated from the steady state of the queue using 
N and λeff. While no analytical solutions exist for 
these values they can be obtained using the cTEBD 
simulations. The benefit of this is that T can be 
calculated using cTEBD to find the steady state and 
compute stationary observables of the system, 
rather than computing time dependent quantities. 
Although Little’s formula can be used in this case, 
the methods outlined to calculate T using the 
cTEBD simulations would be applicable to 
scenarios where Little’s formula does not hold. 
   

D. Transient behaviour 
 

 In this section the ability of cTEBD to access the 
dynamical properties of the system is used to 
examine the transient behaviour of a series of 
queues in tandem. A series of five identical queues, 
with ρ = 1.091, in tandem were evolved from an 
initially empty state and the mean number of 
customers in the queue calculated at each time step. 
The results for a variety of capacities, K, are 
illustrated in Fig 8(a) (over page), where the curves 
have been fitted to an exponential of the form 

 )1( γ
t

eAN
−

−= . (29) 

Fig. 8(b) plots the time constant γ as a function of 
the capacity of the queues, K. This shows a linear 
increase in γ as a function of K. As the service 
times are of order 1 the decay constants have a 
similar magnitude, indicating a rapid convergence 
to the stationary state.  
 
 

Fig. 7 Queues in Tandem. (a) The mean number of customer in the steady state for a series of five M/M/1/3 queue with 
Blocking Before Service (blue solid) and Blocking After Service (red dashed). (b) Comparison of the mean sojourn 
time for the whole system of five M/M/1K queues in tandem obtained from the cTEBD simulation (crosses) and 
Little’s formula (black lines), Eq. 11. The capacity of the queues, from bottom to top, are K = 1, 2, 3, 4, 5. (c) 
Comparison of the mean sojourn time for individual queues in a series of five M/M/1/4 queues obtained from the 
cTEBD simulation (crosses) and Little’s formula (black lines). The top line is the first queue in the series, the next line 
down is the second queue in the series and so on until the bottom line which is the last queue in the series.  In both (b) 
and (c) the values for N and λeff in Little’s formula had to be found using the cTEBD simulations. T is in units of 1/λ. 
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E. Optimization 

 

 I now turn to the task of using the results from 
the simulations to optimize a system of queues. 
This is typically achieved by minimizing a Total 
Cost Function (TCF) [2]. The TCF encompasses 
two primary considerations; reducing both the cost 
incurred by the queue and the waiting time in the 
queue. This creates conflicting pressures as 
increasing the level of service will reduce the 
waiting time in the queue but will also increase the 
cost. In general the TCF will depend on the mean 
sojourn time, T, the probability a customer is 
prevented from entering the queue, pK and the 
parameters of the queue; in this case µ and K. The 
calculations carried out using cTEBD can be used 
to optimize the decision on µ and K. 
 As a specific example consider five identical 
M/M/1/K queues in tandem. The TCF has been 
chosen for demonstration purposes, in practice the 
specific function and constants would need to be 
determined depending on such factors as running 
costs or profit from each customer served. Fig. 8(c) 
shows a plot of the example TCF against µ and K. 
There is a clear global minimum, which provides 
an optimum value for µ and K. This illustrates the 
ability to use cTEBD in practical applications. 
 

VII.  Conclusion and Further work 
 

 An M/M/1/K queue was modelled as a TASEP 
and the cTEBD algorithm used to simulate the 
evolution of the system. I devised methods to 
calculate the mean number of customers and 
sojourn time from the simulations, which gave 

excellent agreement with the analytic results for a 
single queue. I then extended the model to analyse 
queues in tandem. This provides a means for 
studying the steady state of such systems, where 
exact analytic results are intractable. The cTEBD 
simulations were also used to study the transient 
behaviour of the queues. The methods would still 
apply to time-dependent rates, a scenario for which 
no approximate analytic framework exists and is 
potentially inefficient for Monte Carlo simulations. 
This opens up a range of possible real world 
scenarios that could be analysed and optimized, 
such as multiphase transmissions in 
telecommunications [34].   
 The procedures introduced in this report could be 
extended to different types of queues, such as those 
with multiple parallel servers. They could also be 
extended to more general structures for the 
queueing networks, such as two dimensional 
geometries. This has already been done in the 
quantum case with TEBD extended to tree-like 
structures [36]. The methods for calculating the 
mean sojourn times could be used in scenarios 
where Little’s formula does not hold. 
. 
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in tandem. The capacity of the queues, from bottom to top, are K = 1, 2, 3, 4, 5. The results have been fitted to Eq. 29, 
the time constant γ has then been plotted as a function of K in (b). (c) The Total Cost for the scenario described in 
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constants a = 3, b = 3, c = 3, d = 40. For these constants the optimum queues to use would be those with µ = 2.2 and    
K = 3. The spaces in (c) are due to missing data, not the methods or algorithm. 
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Appendix A: Kendall Notation 
 
 This section will briefly outline the basics of 
Kendall notation [18], as mentioned in section II.A.  
A queue is conventionally defined by 6 parameters, 
represented in Kendall notation as 

A/B/c/K/E/F 
A: Arrival Process 
B: Service distribution 
c: Number of parallel servers 
K: Maximum capacity of queue (Number of spaces 
in queue + the number of servers) 
E: Size of calling population 
F: Service discipline 
 
Markovian arrival processes and service 
distribution are represented by the symbol M. If 
sections E and F are left empty an infinite calling 
population and First In First Out discipline 
assumed. 
 
 
 
 
Appendix B: Single queue stochastic 
Hamiltonians. 
 
This appendix details the one-site and two-site 
stochastic Hamiltonians for the models used for a 
single queue in this report. The stochastic 
Hamiltonians are built using Eqs. (4) and (5) and 
then used to evolve the state as explained in section 
II.A. 
 
 
 

1. TASEP 
 
 The most basic model used in the report is the 
TASEP, which is explained in section IV.A. Each 
site can either be empty or occupied by a customer. 
The basis for each site is }1,0{=is , where the site 
being empty is represented by 0 and occupied by 1.  
 Let us consider the one-site stochastic 
Hamiltonians. The arrival of a new customer occurs 
at the first lattice site of the TASEP, this is 
described by the rate  
 λ=→ )10(w .  (30) 

This is the only transition rate which needs to be 
considered for the arrival of a new customer. To 
find the stochastic Hamiltonian this describes the 
arrival process the Eqs. (4) and (5) are used. 
 λ=00q ,  (31) 

 λ−=10q .  (32) 

Thus the stochastic Hamiltonian for the arrival 
process which is applied only to the first site 

 






−
=

0

01

λ
λ

AQ .  (33) 

The superscript denotes which site the Hamiltonian 
is applied to.  
 The service process is implemented by the rate 

µ=→ )01(w , 
from the last site of the TASEP. The stochastic 
Hamiltonian for a customer being served and 
ejected from the system, QL, is then given as 

 








−
=

µ
µ

0

0M
LQ   (34) 

applied to the last site of the TASEP. 
 Next we consider the two-site stochastic 
Hamiltonian, i

hQ , which describes the process of 
customer moving along the queue, ‘hopping’ from 
one site, m, to the next, m+1. The basis for the two 
sites is }11,10,01,00{ . The transition rate 
which describes the hopping process is 
 pw =→ )0110(   (35) 
i.e. there is only the transition of a customer from 
one site to the next if the first site is occupied and 
the second site is empty. This gives the stochastic 
Hamiltonian 

 



















−
=

0000

000

000

0000

p

p
Qi

h ,  (36) 

which is applied to every site except the last. The 
evolution of the TASEP model is then completely 
described by these stochastic Hamiltonians.  
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2. ‘Marked’ Customer 
 
 A ‘marked’ customer is required to implement 
Method 2 to find the mean sojourn time for the 
steady state of a queue as explained in section V.B. 
This is implemented by adding an extra state to the 
lattice site, the basis is then }2,1,0{=is  where 0 
represents an empty queue, 1 occupied with a 
normal customer and 2 occupied with a marked 
customer. 
 The arrival process only involves the arrival of 
normal customer as the aim is to find the steady 
state using normal customer and then manually add 
a marked customer, therefore the only rate to 
consider is   

λ=→ )10(w , 
thus the arrival process is implemented using the 
single-site stochastic Hamiltonian 

















−=
000

00

00
1 λ

λ

AQ , 

applied to the first lattice site. 
 Once a marked customer has been added it needs 
to be able to be served and leave the system. The 
service process involves two rates, the service of a 
normal customer and the service of a marker 
customer, given by the rates 

µ=→ )01(w , 
µ=→ )02(w . 

The stochastic Hamiltonian for the service process 
is then 

















−
−=

µ
µ

µµ

00

00

0
M
LQ  

applied to the last lattice site. 
 The basis for two sites is now 

}22,21,20,12,11,10,02,01,00{ . The 

two-site hopping process must encompass the 
hopping of both normal customer and marker 
customers, which are given by the rates   

pw =→ )0110( , 
pw =→ )0220( , 

which are described by the stochastic Hamiltonian 
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Appendix C: Tandem queues stochastic 
Hamiltonians 

 
 Tandem queues are implemented in the TASEP 
model by designating specific sites as server sites. 
A queue then compromises of a serve site and all 
the sites between it and the previous service site. 
This is illustrated in Fig. 9. There are two types of 
blocking to be considered, Blocking Before Service 
and Blocking After Service.  
 

1. Blocking Before Service 
 
 Blocking Before Service (BBS) is the simplest 
blocking mechanism to implement, as the 
Hamiltonians described in Appendix B.1 remain the 
same with the exception that the lattice sites that are 
designated to be server sites have a ‘hopping’ 
Hamiltonian with a rate µ instead of p. It can be 
seen that this correspond to BBS as the hopping 
term is ( )0110→w  which corresponds to the case 
where the site after the server site is empty, i.e. the 

Fig. 9 An illustration of a TASEP model for 
three M/M/1/3 queues in tandem. The output of 
one queue is the input of the next queue.  
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server only starts to serve once the site after it is 
empty. 
 The stochastic Hamiltonians for input, output and 
hopping process for the queueing sites are then the 
same as described in Appendix B.1. The only 
difference is the ‘hopping’ stochastic Hamiltonian 
applied at the service sites are 
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sQ  

 
 
 
 

2. Blocking After Service 
 
 The second case to be considered is Blocking 
After Service (BAS).  Implementing this 
mechanism requires the addition of an extra state to 
each lattice site and reconstructing the 
Hamiltonians. Each site now has three states 
{ }2,1,0 which correspond to the site being empty, 0, 
the site occupied by an unserved customer, 1, and 
the site occupied by a served customer, 2. The rates 
consist of an input term of an unserved customer 
applied to the first site λ=→ )10(w  and an 
output term of a served customer applied to the last 
site µ=→ )02(w .  
The stochastic Hamiltonian for the input at the first 
site is then  
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AQ , 

and the stochastic Hamiltonian for the output from 
the last site is 
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 A single site term that transforms an unserved 
customer to a served customer, given by the 
transition µ=→ )21(w , is applied only to the 
server sites. This is represented by the stochastic 
Hamiltonian 
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µservQ  

applied to each of the server sites. 
 A two-site hopping term which hops an unserved 
customer from one queueing site to another or into 
a server site using the rate ( ) pw =→ 0110  is 
applied to all the queueing sites, this process is 
given by the stochastic Hamiltonian 
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 Once a customer is served it moves to the next 
lattice site, which is a queueing site for the next 
queue, as an unserved customer. This is achieved 
using the rate ( ) pw =→ 0120 by the stochastic 
Hamiltonian 
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applied to each of the server sites. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


