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Cold clouds of fermionic atoms, due to their unique governing statistics, exhibit distinctly different properties
from Bosonic samples. The aim of this project is to determine whether and how these properties are advanta-
geous for realizing atomic quantum registers. This analysis includes the calculation of fidelities for fermionic
quantum registers achievable with current technology, the classification of the major sources of errors and the
comparison of such results to the case of bosonic atoms within the framework of an optical lattice setup.

I. INTRODUCTION

Since its formulation during the early part of the twentieth
century Quantum mechanics has continued to inspire,clarify
and indeed puzzle the greatest scientific minds. Counterintu-
itive postulates form the most challenging and interesting side
of a now diverse field and no application more highlights these
contradictory facets than the idea of Quantum Computation
[1]. In the classical realm of information processing one is ac-
customed to the notion of a two dimensional digital bit which
can exist in one of two distinct, orthogonal states|0〉 or |1〉.
The quantum case, as one might guess, utilizes the fundamen-
tal principle of superposition which states that any quantum
bit or qubit has, as its most general form,|Ψ〉 = α|0〉 + β|1〉
whereα andβ are complex numbers. From this alone one can
immediately see the power of such an approach since a state
of n particles would require2n complex numbers in order to
describe it precisely and although a measurement would only
yield n results it is possible to use clever quantum algorithms
which provide relevant answers in a measurable way.

It is important to point out at this early stage that although a
qubit seems to beat the classical bit hands down there are only
a select division of calculations that would benefit from such
an approach e.g. searching unstructured databases [2] or fac-
toring large primes [3], that said the search continues for other
algorithms more suited to this quantum regime of computing.
In a similar vein, despite the immense power proffered by phe-
nomena such as superposition and entanglement of states the
physical realisation is without doubt the most challenging as-
pect as any two state system used to represent a qubit will
naturally be susceptible to interactions with its environment
and it is this factor that has the most potential for destroying
any advantage obtained through using a quantum mechanical
description. This fact can be understood through the mea-
surement postulate and the collapse of the wavefunction. In a
certain way external interactions constitute measurements and
so the qubit if ’viewed’ at an intermediate point would trans-
form to an effective classical bit thus making moot the power
of superposition used during the calculation. The situation be-
comes yet more daunting when one realises that, although one
can form a universal set of control quantum logic gates from
relatively few single and 2 qubit ones [4] the latter always in-
volve the interaction of two qubits and in order to extract a
result at the end of a calculation one must make a measure-
ment i.e. couple the environment to the system. These facts
highlight the main compromise that must be achieved in a suc-

cessful practical computer in that the system must couple to
the environment and its own constituent parts whilst at the
same time not doing so to the extent where decoherence (loss
of the quantum information) becomes prominent [5].

It was DiVincenzo [6] who first proposed specific criteria
that must be met in order to realise the theoretical benefits out-
lined previously. In many ways this has served as a checklist
for experimentalists who whether focussing on Ion trap, solid
state or indeed NMR representations needed to satisfy each
requirement with the minimum achievable error [7]. It is gen-
erally accepted that hundreds of qubits will be needed in order
to create a worthwhile, revolutionary system and at present the
best model has been created using the NMR approach where
the two fundamental computational basis vectors are repre-
sented by the spin of an atomic nucleus with readout being
achieved through the voltage signal induced by a precessing
magnetic moment. Unfortunately this approach is limited by
its lack of scalability and the seven qubit system which is no
more powerful than a pocket calculator looks to be the best
achievable.

This case portrays the difficulty involved in satisfying even
two to three of the necessary criteria. Scalability is of utmost
importance although so is decoherence time and the ability
to set all of the sample qubits to the same well defined ini-
tial state i.e. |0〉 also known as initialisation. With these in
mind it is extremely difficult to decide which strict conditions
should be allowed to include some degree of error and so it is
often the case that one chooses a physical system that excels
in a majority and then look at ways in which the weaknesses
affect the potential/accuracy of the transmitted information or
gate operation. Whereas Ion traps [8] yield single ion address-
ability (essential for single qubit gates which involve laser in-
duced state rotation) and a favourable ratio of gate application
time to decoherance time, scalability remains a problem along
with the coupling to the environment which is accentuated by
the charged nature of ions. Similarly NMR displays reduced
signal which is exponential in number of qubits and since
qubits are addressed by distinguishing them in frequency, it
can become difficult to resolve as one scales up the system.
Many different ways have been presented that have certain
advantages over others however it is often the case that the
theoretical realisation lies many years ahead of experimental
capabilities. Whilst many would claim that this is a natural
ordering which is mutually beneficial it also pays to keep in
mind what is within grasp so as to taylor methods which, if
not being ultimately successful in creating a working quan-
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tum computer prototype, will at least serve to open up other
areas of research interest.

It is the astonishing speed of development in cold atom
physics that has prompted the vast amount of work associated
with using neutral atoms for Quantum Computing (QC). Ever
since the groundbreaking work of Andersonet al. [9][10]
in actually observing a Bose-Einstein Condensate (BEC) the
field has progressed at unprecedented speed to the point where
the technical challenges of sympathetically cooling and trap-
ping Fermi Gases to an excellent degree of accuracy has be-
come a reality [11][12][13]. It is this advance that has pro-
voked much interest in creating a quantum register using such
species as6Li which-as will be shown- offer distinct advan-
tages over previous bosonic candidates such as87Rb.

The basis of the investigation will be concerned with opti-
cal lattices filled with ultracold fermionic atoms and their suit-
ability for realizing a quantum register. In particular we will
investigate the role of experimental imperfections and com-
pare their effects on the quality of the register with the case of
bosons.

In the following section we will provide a brief descrip-
tion of an Optical Lattice (OL), the way it is constructed, the
physics behind the trapping and its implications. From this
we will move onto introducing the famous Hubbard model
in Sec.II B and its importance whilst also linking it to other
physical systems via certain mappings. With this foundation
we will focus on the important aspect of register initialization
and the problems associated with realising qubits using indis-
tinguishable particles in Sections III and IV respectively, look-
ing at current proposals and presenting approximate calcula-
tions exploring their legitimacy and ease of practical implica-
tion. Similarly in Sec.V we will focus on lattice dynamics pre-
senting a treatment that gives quantitative order of magnitude
values for such effects as spin wave interactions and thermal
fluctuations. The final Sections VI and VII will briefly outline
ideas of entanglement and will look to the future with a discus-
sion of some of the more theoretical proposals with Sec.VIII
serving as a summary of the issues raised and suggestions for
further work.

II. EXPERIMENTAL SETUP AND THEORETICAL
BACKGROUND

A. The Optical Lattice

In its most simple form an optical lattice is a crystal made
of light. Due to the Stark effect, counterpropagating lasers
interacting with atoms produce electric dipole potential wells
which, depending on the laser detuning from resonance will
trap atoms at either regions of maximum or minimum in-
tensity. This virtual crystal can be dynamically controlled
through laser parameters or external fields and its dimen-
sionality chosen through the number of lasers used i.e. 6

FIG. 1: 2D Optical lattice with imperfect filling

for 3D 4 for 2D and 2 for 1D (Fig1).1 The separation of
the trapped atoms is dependent upon the wavelength of the
lasers used since the standing waves produced have nodesλ/2
apart. The actual form of the confining potential is given by
Vlat = V0 sin2(kx) wherek = 2π/λ andV0 denotes the po-
tential depth of the lattice (usually expressed in natural units
of the recoil energyEr = ~2k2/2m) which changes sign with
detuning.

As soon as we decide to employ OLs as the basis for the
quantum register it is necessary to decide which advantages it
presents are the most important. As a setup it is naturally scal-
able with106 atoms easily confined however if one uses blue
detuned lasers where atoms are confined to minima and are
thus less likely to undergo spontaneous emission [14] (con-
siderable source of decoherence) this naturally means that the
spacing between atoms decreases to below the individually
resolvable limit i.e. one loses single site addressability essen-
tial for single qubit gates. Conversely red detuning e.g. using
a CO2 laser results in addressability but increases emission
and the rate of inelastic collisions between two atoms whilst
removing state selectivity. This compromise is indicative of
general attempts to successfully create a working system and
teams are currently devoting time to both regimes [15] [16].

B. The Hubbard Model

The aims of this subsection are essentially fourfold, we will
begin with a brief introduction to second quantization where
fermionic atoms in optical lattices are represented by so called
creation and annihilation operators. Having done this we will
move on to writing down the Hamiltonian governing their evo-
lution and in doing so discuss its properties in certain limiting
cases. Finally we will describe the limit at which the system
realizes the required quantum register, simultaneously point-
ing out any ambiguities or subtleties that may exist in using
such a system to model a logical basis for practical calcula-

[1] Here the dimension indicates the extent of confinement and not the degree
of freedom
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tion.
In second quantisation the classical field is quantised

through defining vacuum states and creation and annihila-
tion operators. In this formalismc†i creates a boson/fermion
on the i-th lattice site whereasci will destroy it (or any
boson/fermion already on this site).2 For both bosons and
fermions these obey certain Canonical Commutation Rela-
tions (CCRs) that embody the necessary exchange symmetries
and quantum statistics

[ci, c
†
j ]+/− = δik, [ci, cj ]+/− = 0, [c†i , c

†
j ]+/− = 0,

(1)
where +/- is for fermions and bosons respectively. The num-
ber of particles at thei-th site can be expressed asni = c†i ci

making the total number of particles within the latticeN =∑
i ni. Armed with this one can now appreciate the simplest

form of the Fermi Hubbard model whose Hamiltonian (ap-
plying to those atoms cold enough to move within the lowest
Bloch band) can be written:

HFH = J
∑

〈ij〉,σ
c†iσcjσ+

∑

jσ

c†jσcjσV ext
jσ +U

∑

j

c†j↑c
†
j↓cj↓cj↑

(2)
where〈ij〉 represents summation over nearest neighbours and
V ext

jσ is an external potential varying on a much larger scale
than the lattice. TheJ andU terms are related to the hop-
ping and onsite interaction respectively and can be expressed
in terms of integrals over wannier functions which are sharply
peaked at each lattice site and are defined by the optical po-
tential [17]. Also, as the fermions are to be considered as
two level systems the internal degrees of freedom are labelled
σ = {↑, ↓}. As mentioned previously, if we are to achieve a
reasonable register we must have well localized particles that
can act as qubits, therefore a natural requirement would be
to demand thatJ be as small as possible and thus having a
largeU value [18] . As can be seen from the forms of these
two terms neither are individually tunable via laser parame-
ters and regimes based on ratiosU/J are obtainable, with the
superfluid phase marked by a small numerical value. Luckily
modern technology allows one to obtain values between ap-
proximately 1 and 1000 enabling the study of such phenom-
ena as Quantum Phase Transitions (QPT) and Cooper-pairing
[19].

Despite its relative simplicity the general Hubbard model
has only been solved in 1D and select 2D conditions [20] re-
gardless of this, one can extract some extremely important
and interesting results based on approximations that corre-
spond to extreme cases of laser parameters and other external
conditions. As an example consider the case in 1D and for
two fermions for simplicity, this system exhibits four distinct
regimes [21]. Firstly forU < 0 we have the attractive region
where the scattering length is negative and the system exists
as a superfluid below a critical temperatureTc. This should

[2] This applies in the limit of a deep lattice where the particles are localized
and the Wannier function corresponds to the mode function at thei-th site

be compared to the SF Cooper pairs and Bardeen Cooper
Schriefer (BCS) theory applicable for the opposite extreme.
In the repulsive regimeU > 0 and one has a filling factor
〈ni〉 ≈ 1 with i the site index. The spins are arranged in an
antiferromagnetic order i.e. alternating up, down. Although at
first glance this may seem no more complex than the previous
case, theHFH remains unsolved in this repulsive scheme. In
contrast, obvious soluble limits include the non-hopping case
(J = 0) and the Tight Binding (TB) model wereU tends to
zero. From the Hamiltonian it is easy to see that the first case
is trivial in that it is in a naturally diagonal form and one can
simply write a general eigenstate as a product of spin up and
spin down creation operators acting within separate subsets of
the lattice spaceL . This state has particulate characteristics
(localized particles) and displays only paramagnetic behav-
iour. Conversely in order to solve the (TB) model one must
first diagonalize the Hamiltonian via transformation to the
Fourier basis definingciσ = 1/

√
L

∑
k eiklckσ from which

the band structure of energies becomes apparent.
Due to Fermi statistics one can only ever have two opposite

spin fermions occupying the same lattice site and despite be-
ing considerably better than the bosonic case where no such
intrinsic barrier exists it is still not suited to representing a
register which ideally has a single body sitting at each posi-
tion in order to represent a qubit. It is because of this that we
are forced to investigate the properties of theHFH at what is
known as half filling (h.f.) which would-as we naively expect-
constitute a more beneficial state for our desired goal. Us-
ing Brillouin-Wigner degenerate perturbation theory it can be
shown [22] that the kinetic energy term of the the Fermi Hub-
bard Hamiltonian

HKE = −J
∑

〈ij〉,σ
(c†iσ(x)cjσ(x) + h.c.) (3)

where h.c. implies hermitian conjugate, can be expressed as

HKE = 2J2/|U |
∑

〈ij〉
S(xi)·S(xj). (4)

Here, theS(xi) represents a spin operator at positionxi that
can be written as a linear combination of the original fermi-
onic functions via the Jordan Wigner transformation [23].
This is just the spin 1/2 quantum Heisenberg antiferromag-
net with exchange couplingJ ′ = 2J2/|U | and is valid for a
h.f. system in any dimension and lattice where double occu-
pancy and holes can be ignored. From this we can infer that
a h.f. system describes an ideal initialization state of an OL
quantum register with the only complication arising from its
logical representation as discussed in Secs IV and VIII. The
simplification can be seen when considering the case away
from h.f. where ifU À J doubly occupied sites are energet-
ically expensive. Neglecting such configurations the Hilbert
space (spanned by the states) associated with the register state
transforms from

⊗N
i=1Hi = ⊗N

i=1 {| ↑〉i ⊗ | ↓〉i} → ⊗N
i=1 {|0〉i ⊗ | ↑〉i ⊗ | ↓〉i}

(5)
as the ratio decreases. The KE term allows charge motion and
since|0〉 will be able to move, spin-flip processes can occur
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destroying long range order and thus acting as another source
of decoherence which will be expanded on in section V

To conclude this section it will be instructive to outline the
desired target states for both bosonic and fermionic cases. It
is generally agreed that the most beneficial intitialized state
for a degenerate bosonic gas is that of theMott statechar-
acterized by|T 〉 = ΠN

j=1a
†
j |0〉 which represents unit com-

mensurate filling of each lattice site. The phase transition be-
tween superfluid and Mott insulator can be driven by varying
the J/U ratio [24] and so can be seen as an extremely con-
venient theoretical goal whose susceptability to errors will be
investigated in Sec. IV. In direct contrast the Fermionic case
is fundamentally more complex with two distinct candidates
for representing the logical|0〉 firstly we have the spin po-
larized ferromagnetic regime in which case the target is writ-
ten |T 〉 = ΠN

j=1a
†
σ,j |0〉 whereσ represents either of the two

available spin orientations. This should be viewed alongside
the antiferromagnetic arrangement which can be represented
in second quantization as

|T 〉 =
m−1∏

i=1(odd)

m∏

j=2(even)

c†i↑c
†
j↓|0〉 (6)

which can clearly be seen as two sublattices each of which
are equivalent to displaced ferromagnetic states with twice the
lattice constant.3 All of these proposals will be scrutinized
further in sections IV and VIII and for the meantime it is suf-
ficient to have in mind those particle arrangements that are of
interest in the current discussion

III. THE QUBIT

Up until this point we have merely stated briefly what a
qubit is and how it is useful. On being first introduced to this
topic it is all too easy to assume that qubits are, in themselves,
distinct objects that can be analysed and manipulated. This
is, in general, an inaccurate approach due to the fact that the
proposition of using either bosons or fermions in an OL holds
a fundamental problem in that we are trying to address and la-
bel systems of indistinguishable particles; or, to put it another
way, one naturally takes the arranged register as being some-
how classical and that the fermions/bosons are akin to well
defined particulate entities such as marbles sitting in an egg-
box. As indicated by Wu and Lidar [25] there is a somewhat
deeper problem in the actual representation of a quantum bit.
Firstly one should actually define what a qubit is via the prop-
erties it should exhibit. As an analogue to the classical case it
should be first and foremost a vector in 2D Hilbert spaceH
i.e. Hi = {|0〉i, |1〉i}. whilst also having an N qubitH with
a tensor product structure i.e.H = ⊗N

i=1Hi

Unfortunately as highlighted by [25] neither bosons nor
fermions satisfy both of these conditions, whereas spin 1/2

[3] The order of spins given in (6) is of no consequence, having a↓ at the start
of the register is equally valid

fermions naturally exist in a 2D Hilbert spin space they lack
the tensor product nature so readily seen when considering
bosonic species. There are two main ways of overcoming this
conundrum, one of which is to define new particle CCRs that
embody the necessary parastatistics and label them as belong-
ing to Parafermions which are best realised through specific
particle configurations e.g. particle-particle or particle-hole
pairs. In this description fermions represent a more versatile
option due to the fact that such properties can only be found
through boson particle-hole pairs (dual rail photons) com-
pared to fermion-fermion cooper pairs and fermion-hole ex-
citons. The other approach is to use an atom for example and
to restrict or remove certain degrees of freedom that would
otherwise lead to decoherence, the classic example of this is
the spin 1/2 particle with its orbital component of the wave-
function removed. Although this seems reasonable it natu-
rally yields vulnerability as external couplings can easily oc-
cur, leading to a loss of robustness.

The most general way to envisage and deal with such a
problem is to discuss properties in terms of Local Fermionic
Modes (LFMs) where a particle will be described through a
particular quality of the field setup by the objects and in do-
ing so, one can draw parallels between the respective Hilbert
spaces. For instance Bravyi and Kitaev [26] state that theH
of m LFMs (a.k.aFoch space) can be identified with theH
of m qubits which is identical toB⊗m whereB is a 2DC 2

endowed with basis{|0〉, |1〉} from which, they go on to show
that a physical fermionic operator corresponds to a parity pre-
serving qubit operator thus implying that a universal set of
fermionic gates is identical to a universal set of parity pre-
serving qubit gates. While this is important to realise, the
ideas of achieving fault tolerant qubits are rather varied and
often complex and so I will briefly return to the subject in the
penultimate section in the context of looking to the future both
practically and theoretically. For the remainder of this paper
it will be sufficient to consider the spin 1/2 situation for clar-
ity during visualization as the explicit representation will not
necessarily be key to the arguments put forward.

IV. IMPERFECTIONS IN THE REGISTER STATE

Having earlier defined an energetically ideal initialised state
(6) we would now like to evaluate it quantatively compared to
bosonic proposals. In preparing such a generalised state errors
are unavoidable and so therefore our aim is to minimise these
to the extent where error correcting codes [27] can be accu-
rately employed to preserve the quantum information. In both
bosonic and fermionic cases one begins with a degenerate gas
and superimposes the lattice onto the trapped sample remem-
bering throughout that the ultimate goal is to obtain a large
sample of atoms in the same state and localised to each lattice
site i.e. the perfect situation is represented by unit commensu-
rate filling or〈ni〉 = 1 where any particle variance/fluctuation
〈(ni − 〈ni〉)2〉 = 0. Unfortunately this setup would yield lit-
tle use as it has been shown by several groups [28] that for a
homogeneous lattice i.e. uniform trapping potential and usual
OL setup〈ni〉 = N/M for all U/J whereN = number of
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particles andM = total lattice sites. This result holds for
both particle species and so it becomes immediately obvious
that one must use inhomogeneity to exploit Fermi statistics to
the full [29] especially when one considers how difficult it is
to match these numbers in a practical situation.

A. Bosonic Initialization Errors

If one uses bosons to represent qubits it is necessary to
achieve an initial target state equivalent to|T 〉 = ΠN

j=1a
†
j |0〉

which is also known as theMott state which occurs for
J/U ¿ 1. As pointed out by Pupilloet al [30] for such a
ratio to be non zero naturally introduces number fluctuations
which can be modelled via the use of perturbation theory ex-
panding the general state in orders ofJ/U with coefficients
related to the possible errors. To first order this becomes

|Ψg〉 = α(|T 〉+
2
√

NJ

U
|S〉), (7)

With normalization constantα = (1 + 4N(J/U)2)−1/2 and
the symmetrized state

|S〉 =
1√
2N

N∑

j=1

(a†jaj+1 + a†j+1aj)|T 〉 (8)

which is essentially the most common error known as particle-
hole creation where an atom tunnels to a neighbouring site
producing a single hole and a doubly occupied register point.
This general state would reduce to the required target provided
J = 0 however this is fundamentally difficult as the time scale
over which a MI forms is set by1/J and so making J zero
adiabatically would require a very long experiment.

Bosons’ symmetry requirements under exchange have no
effects on the configuration taken by the sample, therefore
there exists three distinct sources of error which take the lat-
tice setup out of the ideal register spaceR which is the part
of the physical setup that will act as the computational regis-
ter. These include, particle hole creation via nearest neighbour
hopping, loss to the environment via three body collisions and
multiple site occupancy via gain from environment/bath. All
of which, with the exception of the last, represent 2nd order
deviations from the target state|T 〉 and so their effects are
dominated by the parameters dictating(J/U)2. From this we
see that such a bosonic register is naturally susceptible toall
forms of error as a consequence of their ability to exist in the
same quantum state, a fact that is most strikingly exhibited by
the loss via three body collisions of particles from theR of
interest. Utilising the approach taken by Jack and Yamashita
[31]

Ṅ = −γ
∑

i

G3
i (9)

whereṄ indicates the time derivative of the total number of
particles in the lattice,γ is the decay rate in terms of an in-
tegral over the individual wannier functions andG3 is the

three body correlation in the Mott insulator regime given by
G3 = ni(ni − 1)(ni − 2). Using values taken in [31] for
87Rb and assuming approximately 1/100 sites has triple occu-
pancy (not unreasonable) in a1 × 103 lattice, one obtains a
loss rateṄ ≈ 6s−1 corresponding to a filling factor variation

˙〈ni〉 = 0.006s−1. The average filling factor associated with
this, in many ways acts as an initial value from which other
errors are subtracted thus indicating an immediate difference
in possible values for bosons and fermions with the latter case
exhibiting an idealistic value of 1 due to the lack of such al-
most unavoidable interactions.

B. Fermionic Initialization Errors

Moving now to the fermion case one can clearly see that
assuming a target state identical to an antiferromagnet (6) the
first order error is unchanged since Pauli blocking is prevented
due to the opposite nature of the adjacent spins. Despite this
however the second order perturbations are significantly dif-
ferent. Firstly, the Fermi register is selective over spin species
it can accept from the bath, also three body collisions are sup-
pressed since this would require two same spin fermions com-
ing into contact. In a similar vein triple or above occupancy is
not allowed again due to the Pauli Exclusion Principle (PEP).
Although these are second order corrections and are thus rel-
atively small (scale withJ2/U2) it is the first indication that
fermions are intrinsically more suited to creating a stable reg-
ister with reduced error. Before trying to quantify these dif-
ferences it is instructive to obtain/define a measure which can
be used to give a numerical indication of the perturbed states
’quality’ when compared to the target. A suitable candidate
for such a measure is a term known as theFidelity which is
essentially the distance between two quantum states [32]. For
a pure state|ψ〉 and an arbitrary one expressed in terms of its
density operatorρ we have:F (|ψ〉, ρ) =

√
〈ψ|ρ|ψ〉 where

ρ =
∑

i pi|ψi〉〈ψi|. with pi the probability of the system be-
ing in state|ψi〉.

If we now re-express the ground state to 2nd order we have

|ψg〉 = β(|T 〉+ J/Uγ|S1〉+ (J/U)2δ|Q1〉+ (J/U)2η|S2〉)
(10)

whereγ, δ, η are constants and|S1〉, |Q1〉, |S2〉 represent a
doubly occupied well neighbouring a hole, three particles in
one site with holes in two neighbouring sites and the state
where the doubly occupied site and hole are next nearest
neighbours respectively [30]. Using this form and requiring
normalization one finds that

F = |〈T |ψg〉|2 = β2 (11)

C. Comparison

Writing a similar expression for the fermionic case it be-
comes apparent that the difference in quality of the registers
is

∆F = (J/U)4(6d(2d− 1)N)−1 + (J/U)4(4dN)−1 (12)
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whered = dimensionality of the lattice andN = number of
atoms in the register. Taking realistic values ofJ/U = 0.002,
N = 1 × 103 andd = 3 one finds that∆F ≈ 1× 10−15

There thus seems little advantage in using fermions over
bosons especially considering the difficulty involved in ac-
curately cooling them to low temperatures. What one must
realise is that this is relative to the antiferromagnetic target
state, if one could use the ordinary ferro state where spins are
polarised in a single direction, Pauli blocking would naturally
inhibit the first order processes mentioned above and so would
naturally lead to a∆F ≈ (J/U)2.

In summary it has been shown that although for energetic
reasons a half-filled antiferromagnetic state is ideal as an ini-
tialised register it acts in many ways as a worst case scenario
when viewed in conjunction with the idea of exploiting the
inherent Fermi statistics. On a similar note due to the alter-
nating spin arrangement it is difficult to know exactly how the
register is arranged due to indistinguishability (thei = 1 site
could be| ↑〉 or | ↓〉) and so a certain ambiguity is created es-
pecially concerning gate operation and how excited states are
logically represented. In fact this state would correspond to
either a mixed or coherant superposition of the logical states
|010101..〉 and |101010..〉 thus implying that an inhomoge-
neous trap would have to be used in order to favour one or the
other. Nevertheless as a limiting case this suggestion is still
innately better at realising a quantum register due to the lack
of certain second order defects. A conclusion can be drawn
from this analysis that points towards using a spin polarized
fermionic sample that would enable a ferromagnetic initial-
ized state. This would maximize the benefits of fermi statis-
tics whilst also eliminating the haziness associated with the
logical representation mentioned above. Despite this however
an antiferromagnetic setup offers the intrinsic benefit in that
it allows the addressing of a qubit with a spatial resolution of
only two lattice sites. This property is made possible through
encoding two states of odd and even site atoms as|0〉 and|1〉
i.e. using two fermionic atoms to represent a single qubit and
transitions between internal states acting as qubit operations.
This is obviously not possible when one bases the target state
on the ferromagnetic scheme and so we have both pros and
cons concerning both suggestions

V. LATTICE DYNAMICS

The experimental setup described previously is a dynamic
system in which any impurities in the form of holes or doubly
occupied sites will influence the evolution of the overall sys-
tem. One must necessarily think of dynamical effects stem-
ming from quantum mechanical descriptions of physical laws.
It is because of this that one should look carefully into the un-
desired effects posed by the presence of regions of the lattice
that are, in one way or other, excluded from the computational
register spaceR mentioned earlier.

In this section we will be focussing on the loading of the lat-
tice from a degenerate gas and the dynamical effects and im-
perfections arising during this process. This is in direct con-
trast to the previous section which was mainly concerned with

the stationary state of the system and how the imperfections
affected the register state. We will study in some detail the
feasability of the scenario envisaged by Viveritet al.[33] for
the loading of fermionic atoms into an optical lattice linking it
with the antiferromagnetic initial state highlighted previously.
Although this approach is different from their spin polarized
loading scheme, the parameter values chosen for the indicative
calculations would imply a tendency of the system to assume
the alterating spin configuration thus allowing one to assess
their propositions in this way. Indeed as a suggestion for fur-
ther work in this area it would be useful to understand more
fully the link between the two initialized states and the ease
at which one can be transformed into the other hence link-
ing them with possible logical operations and the concept of
computational memory.

A. Particle Fluctuations

Several teams have proposed ways of isolating defects and
creating subspaces of the generalH . In the bosonic case
Brennenet al.[29] suggest using an inhomogeneous lattice
with open boundaries created by a weak quadratic magnetic
trap which collects atoms near the centre and leaves holes at
edges, whilst also stipulating that the condition

U > ε((N − 1)/2) ε(i) = δ2(i) (13)

(whereδ is the trap energy scale) inhibits multiple atom occu-
pation in any well. Having set this up they claim that a unit
filled state can be prepared using the Quantum Zeno Effect
and selective measurement of atomic/molecular states. These
suggestions lead to possible time averaged deviations away
from perfect fidelity of

1− 〈F (t)〉 = 8n(J/U)2 (14)

with n = number of wells within the reducedR located at
the centre of the lattice. This yields, using the indicative para-
meter values seen previously, a value of0.968 which, whilst
reasonable, needs to be around the0.99 mark at least in order
for the quantum error correction protocols.

The interesting paper by Viveritet al.[33] is one of the few
to actually put forward an idea for utilizing Fermi statistics in
the actual preparation of a practical register. Again employing
non-uniform external confinement their idea exploits the vary-
ing nature of energy eigenstates that exist for a harmonically
trapped sample. For initial energies either side of the lattice
recoil energyEr different dynamical behaviour is observed
and as the lattice potential is ramped up the eigenfunctions be-
come localized with the onset of band structures. States with
higher initial energy localise further away from the trap origin
and missing particles result in holes relegated to the wings of
the register and not distributed randomly. The most interest-
ing claim is that for a procedure where the ramping process
is slow c.f. typical energy scale1/εF whereεF is the Fermi
energy, the occupation number of final localized sites is equal
to that of the corresponding level of the confining potential.
This has massive implications since, as touched on previously,
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Hadzibabic in his paper [11] achieves a sample temperature of
(at best)0.05TF for approximately7×107 Fermions thus im-
plying that a filling factor deviating from unity by 1 part in
108 is theoretically possible. Similarly they claim that as long
asT ¿ TF andf(E > Er) ¿ 1 (wheref is the Fermi-Dirac
distribution function) then states without unit commensurate
filling will be localized in a region≈ kBT around the fermi
sea. These stipulations certainly give much hope for realiz-
ing a useful prototype however it is essential first to estimate
to what degree this transition during ramping can occur and
what constraints exist in order to gain maximal benefit from
the proposed scheme.

It will firstly prove useful to briefly look at the basic prop-
erties of the two source baths from which one obtains the reg-
ister. On one hand we have a BEC and the other a degenerate
fermi gas. From standard thermodynamics of quantum sys-
tems we have the following expressions for particle number
variations

〈(N − 〈N〉)2〉 =
kBTV m

~2

(
3g2〈N〉
4π4V

)1/3

(15)

In the Fermion case whereV is the volume of the gas cloud
andg is the degeneracy of the spin states. Compared to the
Bosonic case which can be written4

〈(N − 〈N〉)2〉 =
z

1− z
+

(
z

1− z

)2

+
V

λT
3 g3/2(z) (16)

wherez is theFugacity defined aseβµ with µ being the chem-
ical potential (equal toεF at thisT = 0 approx) andg3/2 the
Bose-function

g3/2 =
∞∑

α=1

zα

α3/2
. (17)

[34]. At this point we should note that these equations refer
to the grand canonical ensemble only, a regime which is not
always used in current experiments. As such these results can
only ever serve to approximate such a situation.

In general the Bosonic system has a much greater particle
number variance and so is somewhat vulnerable during the
ramping procedure especially when compared to the relative
fermion stability. Before continuing, it is helpful to deduce
whether the trapped atoms are likely to be denser or less dense
than a reasonable lattice configuration. The peak valueρp

seen in [11] is≈ 1×1012cm−3 compared to an easily achiev-
able lattice densityρ ≈ 8/λ3 = 5.89 × 1013cm−3 using for
example a514nm laser. Because theρp value is in many ways
an optimistic value it is reasonable to assume that any defect
in the lattice ramping will be caused by underdensity and so
we must look at hole transport effects associated with their
dynamics.

[4] In the Grand Canonical case such fluctuations diverge however it is given
here to serve as a comparison to the Fermi case outlined in Sec V C

It is essential at this point to be able to visualize the situ-
ation accurately. We still maintain that our initialised regis-
ter should be the alternating spins of the antiferromagnet and
therefore this represents the ideal state which one is trying
to obtain during the superposition of the lattice potential. As
pointed out, impurities or defects are a natural consequence
of the experimental procedure and so the configuration we
observe (in 1D for clarity) will, due to hole abundance, be
akin to a weakly doped spin chain where as a worst case sce-
nario the holes are placed randomly throughout the sample.
It is this model that we wish to expand on and give a semi-
quantitative analysis in relation to our wholly more complex
system, investigating whether long range order is destroyed
and whether the quality of the register is seriously compro-
mised by such distortions. Ultimately we wish to compare
realistic levels of bath number fluctuations to those that would
render the final product useless or at least seriously limited in
terms of computing power

B. Spin-Waves and Hole Transport

In a particularly applicable paper [35] Vojta and Becker
consider the mutual influence of mobile holes and spin waves
in just such a weakly doped system. They focus on the cou-
pling that exists between spin waves and holes that ultimately
results in a strong suppression of the staggered magnetization.
The Hamiltonian they use as a basis in the paper is essentially
what is known as the 2D t-J model given by

HtJ = −t
∑

〈i,j〉,σ
(ĉ†iσ ĉjσ +h.c.)+J

∑

〈i,j〉
(~Si

~Sj− ninj

4
) (18)

where ĉ†iσ = c†iσ(1 − ni,−σ) relates to the usual Fermi-
onic operators with the bracketed term preventing double oc-
cupancy. It is easy to see that at h.f. this reduces to the quan-
tum Heisenberg antiferromagnet with the hopping and onsite
interaction represented by t and J respectively. Unfortunately
these newly defined creation and annihilation operators are
not bilinear in fermionic operators nor do they obey commuta-
tion relations; therefore non standard methods are usually em-
ployed to obtain numerical values. In [35] the authors employ
theCumulant approach which is an alternative way of calcu-
lating expectation values and dynamical correlation functions
which rely on the ability to decompose the Hamiltonian into
two partsH0 andH1 whereH0 has known eigenstates and
eigenvalues (in this case it corresponds to the ground state
unperturbed Hamiltonian). This approach thus removes the
need to rely on other such involved methods as using slave-
boson/fermion techniques [36] [37] whereby every occupation
state on a site is identified as a type of slave particle which are
forced to obey the CCRs. Through considering the string of
spin defects created by hole motion and the systems natural
ability to repair them via quantum spin fluctuations Vojta and
Becker obtain sets of non-linear equations that determine the
ground state energyE0 and associated coefficients and thus
also using explicit path and spin flip operators corresponding
to hole movement and fluctuations respectively, one can ob-
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tain the equation [35]

∂E0

∂BA
= −〈ψ0|gJµB(

∑

i∈↑
Sz

i −
∑

j∈↓
Sz

j )|ψ0〉 = Meff (19)

where,|ψ0〉 represents the exact ground state,BA is the addi-
tional B field applied to the square lattice coupling to the stag-
gered magnetization andMeff is the doping dependent stag-
gered (sub lattice) magnetization. As stated in the paper the
best achievable case is whenMeff ≈ 0.606Meff,Neel which
agrees with linear spin wave theory. It is this ratio and its de-
pendence on both hole concentrationδ = M/N (M = num-
ber of dopant holes andN = number of lattice sites) andU/J
value that will help elucidate the effects of imperfections on
our initialized register. As expected, the overall magnetization
decreases with increasingδ up to the point at which it vanishes
inducing a phase transition to the paramagnetic state, extrapo-
lating the results obtained by Vojtaet al. one can make a ten-
tative estimate as to the actual critical concentration required
for our illustrative case. ForU/J ≈ 500 which corresponds
to a t/J ≈ 250 we obtain a value ofδc = 7 × 10−4 increas-
ing to 1.4 × 10−3 for a U/J value of 250. Assuming this
ball-park figure is reliable (an assumption that requires more
detailed work especially on extending the results to 3D) this
corresponds to a hole number of approximately7 holes in a
1× 104 square lattice for the long range antiferromagnetic or-
der to be destroyed or, in our quantum computing analogue,
the register fidelity to be reduced to zero. It is this number that
hints at the allowed extent of number fluctuations that can be
tolerated by our system.

C. Register Feasability

Returning to our quantitative look at the Fermi gas we have,
for a general system [34]

〈n〉 =
〈N〉
V

=
g

λ3
T

f3/2(z) (20)

whereg = 2s+1 the usual spin degeneracy factor,z is the Fu-
gacity,λT the thermal wavelength andf3/2 is the Fermionic
analogue of the Bosonic function defined as

f3/2(z) =
∞∑

α=1

(−1)α+1 zα

α3/2
=

4√
π

∫ ∞

0

x2

(
z

ex2 + z

)

(21)
evaluating this numerically for our value ofz = e20 which
corresponds to an optimistic temperature of0.05TF we ob-
tain f3/2 = 67.5 which, when used in conjunction with
λT =

√
2π~2/mkBT = 2.3µm gives〈n〉 ≈ 1.1× 1019m−3

This value can be used in eqn (13) to evaluate the number vari-
ance which, assuming a particle cloud radius of approximately
1µm is nvar = 3.45. This value, in itself seems extremely
small however when one calculates a reasonable order of mag-
nitude estimate for the allowed density variation one finds that
in order to achieve a filling factor between〈ni〉 = 0.9993 and
1 δρ / 2 × 1017m−3 a value which is fundamentally ex-
ceeded by the number fluctuations where, a naive calculation

produces expected changes in density of roughly8×1017m−3.
This tight boundary condition can also be expressed in terms
of Laser wavelength stability where aδλ = 0.20nm - an eas-
ily achievable level of accuracy - can be present before loss of
long range order.

It should be pointed out that the above calculations are not
rigorous in that our main goal was to look at certain very se-
lect yet realistic parameters whilst assuming to an extent that
results presented in other fields could be transferred to the
the case under consideration. The extrapolation of Vojta and
Becker’s work exists as one of the largest possible errors not
to mention applying it without modification to a three dimen-
sional situation. A considerable amount of time, possibly as
part of a D. Phil thesis, would be necessary to look into the
finer implications of such results and their regions of validity.
Nevertheless at the very least these results show that density
mismatch and the induced dynamical effects are, in general,
a real issue that should be investigated when analysing such
proposals as that put forward by Viveritet al. who, in their
paper [33] do not consider such effects.

Before concluding this section it would be worthwhile to
briefly outline other proposals for creating an initialized state
using fermions. One promising idea put forward by Griessner
et al.[38] utilizes Pauli blocking through using a cold reservoir
of fermions as both a source of atoms to be loaded via Raman
transitions and a heat bath for sympathetic cooling. Using
methods based around coherent filtering schemes (where cho-
sen numbers of atoms are transferred to a different internal
state via adiabatic passage) [39] numerical analysis implies
. 1 defect in1 × 104 is reasonable with transfer times well
within lattice decoherence times thus indicating a definite di-
rection from which to attack such initialization problems. Nat-
urally such proposals have certain drawbacks and one must be
careful to stay within the ’slow loading regime’ mentioned in
[38] which automatically results in bringing transport dynam-
ics to the forefront as reservoir atoms move between Wannier
modes. In addition these ideas are also somewhat vulnerable
to similar density fluctuations explained at length throughout
this section and so the analysis provided above is in one way
still applicable despite it’s seemingly narrow focus.

VI. ENTANGLEMENT

Upto this point only a very particular area of quantum com-
puting has been addressed namely initialization and qubit rep-
resentation. To completely leave untouched the other impor-
tant aspects would give a somewhat uneven understanding of
the field and so in this brief section we will outline the ideas
associated with entanglement, the reason why it is still far
from fully understood and whether there exists any obvious
advantage in using fermions to tap its immense potential for
computational tasks.

In many ways entanglement forms the cornerstone of the
power that can be harnessed in this quantum regime. By defi-
nition it is not apparent in classical systems (or at least cannot
be exploited) and therefore it is naturally a property that in-
duces great interest, especially as no complete theory exists
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that allows one to fully use the benefits it presents. Having
particles separated by great distances yet correlated in certain
degrees provides well defined advantages over truly localised
models and to a certain extent is essential in performing 2
qubit gates where e.g. controlled collisions are induced via
separating the wavefunction of a superposed state and inter-
acting them using spin dependent potentials [40]. Such effects
are central to realizing massively parallel quantum gate arrays
allowing more in depth study of for example the lifetime of
entangled multiparticle states that can theoretically be created
so readily in the OL setup [41].

As expected it would be extremely useful to be able to
quantify the degree of entanglement present in a certain sys-
tem so that it could in one sense act as another measure of
quality and also to further understanding of how it may dete-
riorate during computational processes. Unfortunately there
is no one measure that will, by itself, define a state com-
pletely. It is because of this that several different ones ex-
ist that often complement one another so as to enable some
kind of picture to be envisaged, these include such values
as theEntanglement of Formation, the Concurrence,
Entanglement Cost or measures ofDistillation [42] [43].
Needless to say these are all important in trying to under-
stand the phenomena and through briefly touching upon them
it should not be assumed that they are simple concepts; con-
versely the research into this field is some of the most math-
ematically advanced work associated with Quantum Informa-
tion Processing (QIP) and computing.

This approach to entanglement has direct links with the
ideas brought up in Sec.III to do with the use of indistinguish-
able particles. The facts presented in that section concerning
the associated state space of qubits and fermions/bosons im-
plies that the notion of entanglement is affected by a distinct
ambiguity for such physical systems. Due to the isomorphism
between theFochspace HF andC⊗L one can learn about
fermionic entanglement through studying that associated with
qubits using such transformations as that proposed by Jordan
and Wigner which maps fermions to qubits and vice versa
[23]. Similarly analysis must be conducted using the idea of
LFMs where occupation numbers are the physical observables
not the particles themselves. In certain senses backing can
be found for the proposed h.f. initial register which can ex-
hibit maximal thermal entanglement under certain conditions
[42] however in such a complicated area very little is clear
cut and so flippant statements are often costly when one does
not appreciate the wider implications of a certain regime. As
a suggestion for further work we certainly consider this area
worthwhile especially with the goal in mind to be able to as-
sess the lattice’s ability to support entangled bodies on time
scales large compared to those associated with gate operation
and general decoherence (linking these with laser parameters
and detuning effects). Similarly a natural progression of work
would be to follow up on such ideas of register stability and
initialization accuracy. Investigating whether the use of fermi-
ons in lattices naturally leads to entanglement due to particle
statistics alone and if this can be exploited as a resource for
quantum computing

VII. CURRENT THEORETICAL PROPOSALS

It is in general, relatively easy to highlight the weaknesses
of most approaches to creating a quantum register, a fact that,
in my opinion, says more about the difficulty of the task than
the inadequacy of the suggestions. As our theoretical under-
standing progresses it is only natural to apply new seemingly
unrelated fields to this goal, good examples being such ex-
otic proposals as Topological Quantum Computation [44] and
the idea of using Anyonic systems to reduce decoherance and
enable interesting approaches to gate operations. On a simi-
lar note the use of what are known asMajorana Fermions
to act as qubits has provoked some recent papers which look
at their advantages over the usual particle representations dis-
cussed here. These quasi particles are, as outlined by Bravyi
and Kitaev [26] essentially 2 halves of a single LFM that can
exist in any fermi system. One massive implication of using
such bodies lies in their inability to react with the environ-
ment which stems from the unphysical nature of the operators
used to describe them. From this one sees that the only source
of decoherence comes from ’environment-mediated interac-
tion’ of two such particles, a phenomenon whose probability
decreases exponentially with separation. Despite such tan-
talizing prospects the actual realization of a universal set of
gates is difficult and even impossible if one acts on 3 or less
of these quasi fermions [26] highlighting a common problem
with the more mathematically abstract ideas coming to light
in recent years. Similarly proposals have been put forward
that use electric charge as a qubit representation where, in re-
ality, Quantum Dots stemming from semiconductor materi-
als act to confine quanta. In this case, due to conservation
of charge, one must associate the basis states as either having
charge in either of two dots or two states that exist simultane-
ously within a single. Again, interconnected with this, is the
idea of utilizing charge carriers in superconductors whereby
one has two distinct options of implementation either by what
is known as theCooper Pair Box a.k.a. ’charge qubit’ or
via the r .f . SQUID ring a.k.a. the ’flux qubit’ [45]. De-
spite focussing on very different aspects within superconduc-
tor physics Vionet al. [46] have proposed a method of creat-
ing a hybrid ’charge-flux’ qubit which has the benefit of being
less susceptible to the decoherence weaknesses of either indi-
vidual component which was a problem that had plagued both
regimes [32].

With the fast rate of technological advancement these pro-
posals, whilst naturally at an earlier stage of development
when compared to fields such as NMR, offer intriguing
glimpses into what may be achievable in the near future.
Whilst the theorists working in these areas continue to specify
clearly what needs to be accomplished in terms of acceptable
error there is no reason why such seemingly complex notions
should not yield surprising results especially as we are at a
point in time when no one can really predict how far away the
first working model will be.
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VIII. CONCLUSIONS

The main goal of this paper was to highlight the benefits,
if any, present in using fermionic species trapped within an
optical lattice to realise a quantum register. The driving force
behind such an idea was based around the unique statistics
that are inherent in such atoms and in the fact that whereas
fermions, in certain regimes, can imitate bosonic behaviour
the converse is never true thus indicating an intrinsic versatil-
ity that theoretically could be exploited. The spin polarized
register exists as the most promising setup when considered
in light of reducing first order errors and utilizing the inherent
fermi statistics available. This said, the alternating spins of the
antiferromagnetic regime are fundamentally more interesting
offering more complex dynamics, logical representation and
possibilities regarding particle addressability. Similarly it is
the most energetically favoured ordering when looked at in
conjunction with the laser parameters used to form the lattice
itself. We have tried to develop these results through analysing
the potential Fidelity within reach of both proposals and from
these illustrative calculations we have shown that fermions
are, at first ignoring practical difficulties, more suited to the
job required. From this we went on to look at recent propos-
als starting from a sympathetically cooled degenerate fermi
gas with an eye to bring to the fore problems associated with

bath number fluctuations and the required laser ramping in
the inhomogeneous case. In doing so we highlighted the non-
negligible nature of this problem and the associated hole/spin
wave dynamics that would undeniably act to thwart attempts
at initializing the register to the required antiferromagnetic
state. In the later sections we outlined ideas associated with
entanglement and recent theoretical work, our aim being to
merely bring to the readers’ attention the immense complex-
ity of such fundamentally important phenomena.

For a critical and balanced view one must note several
weaknesses with the aforementioned approach mainly con-
cerning the extensions to the work done by Vojta and Becker
which was touched upon in the relevant section. Moving
on from this suggestion, work should be directed towards an
analysis based around the polarized initialized state and thus
in the process obtaining its tolerance for the dynamical ef-
fects mentioned in Sec.V B. Linking this in with the work
done by K̈ohl [47] in which he finds that a 3D Fermi gas is
adiabatically heated by approximately a factor of two when
loaded into a lattice. This result along with others mentioned
in the paper highlight that, if nothing else, temperatures used
here should be taken only as a best case value and that in fact
the topic of fermionic thermometry is far from clear cut when
compared with the bosonic case.
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